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Unit-1
Partial Differential Equation

We consider partial differential equation of first degree (i.e. linear) in p
and q.

Po+tQg=R e (1)

and the auxiliary equation is

Now solving then we get two independent solutions u=aandv=>b,
where a, b are arbitrary constants . Then @ (u,v) =0 is the general
solution of the equation (1) .
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Case-1: Linear partial differential equation of first order
Q.No 1. Solve the following partial differential equations :
(i) yzp — xzq = xy (i) y’p — xzq = x (z - 2y) (iii) x°p +y’q = (x + y)
Solution. (i) YZP = XZQ = XY .cccevvvvveiee e (i)
we know that Po+ Qg =R .o (2)

then P=yz , Q=-xz, R=xy

- . . dx dy dz
Now auxiliary equationis — =—=—
P Q@ R
dx d dz
or —:—y:—
yz —XZ Xy
- d
Taking 1°' & 2" then
dx _ dy
yz T —xz
dx d
or —=—y:>ydy+xdx=0
y —X
on integrating then
2 x2
2 2
2 2
or XTHY =0l v (3)

Similarly, taking 1°* & 3™ then

dx_dz dx_dz

—
vz Xy z x

or xdx —zdz =0 on integrating then
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Hence the general solutionis @ (x* + y2 ,x°—2°)=0
(ii) y’p — xyq = x (z - 2y)

General equationis P,+Qq=R

then P=y2 Q=-xy R=x(z-2y)

Now, the Auxiliary equation is

dx _dy dz
P Q R

dx d dz
or =22

V2 —xy  x(z-2)
Taking 1% & 2™ then

dx d dx d
— =22 222 o ydy + xdx =0
A y X

on integrating then

2 2
y X
S t7Ee = yiat=a

Similarly, we consider 2™ & 3™ then

dy _ dz
—xy  x(z-2y)

Now, solvingthen  y2-yz=c,
Hence the general solutionis @ (y* + x*, y>-yz) =0

(iii) x*p + y’q = (x + y)z
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Given equation is sz + yzq =(XHVY)Z e (1)
we know that Py + Qg =R .cooiiiieiieeeees (2)

From (1) and (2) then

P=x Q=y’ R=(x+y)z
ax _dy_dz
P Q0 R
dx _dy _ _ dz
or il oo iR (3)

Taking 1% & 2™ then

dx

d . :
i y—JZ/ on integrating then we get

1 1

_Cl

x Yy
Similarly from equation (3) then we have

dx—dy _ dz
x2—1y2 - z(x+y)

Now solving then we have

dx dy dz . .
—— - —— =— on integrating then
xX-y x-y z
x_

Y ¢,
VA
. . 1 1 x-y

Hence, the general solution is @ (; e )=0

Q No 2. Solve the following differential equation .
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2
() =p+xq=y’
(i) pz—qz= 7%+ (x+y)2
(iii) (xz—yz)p+ (yz—zx)q =22—xy.

2
Solution .(i) % D H XZO = Y7 oo es s (1)
we know that Po+ Qg =R oo (2)
p=yzz q=x22 R=y2x

Now we consider auxiliary equation

dx _dy _dz

i7 T en T ye s (3)
Taking 1% & 2™

% = % — x* dx =y* dy on solving then
X -y’ =

Similarly, taking 1% & 3" then

dx dz . .
=—— =xdx=zdz onintegrating then
yZZ ny

X —2°=c,

Hence the general solutionis @ (x> - y3 ,x-2°) =0
(ii) pz—qz=zz+(x+y)2 ................................... (1)
we know that Pp+ Qg =R oo (2)

then p=z q=-z R=z"+(x+y)?
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Now the auxiliary equation is

dx dy _ dz
T -z Z2+(x+y)?

Taking 1% & 2" then
dx=-dy = dx+dy=0
or xX+y=c;

Similarly , 15 & 3" then

dx dz .
— = ———— onsolving then
z Z4+(x+y)

In (X° + y2+ 2xy + 2°) = 2x = ¢,
Hence , the general solution is
@{x+y, In (X2+y2+2xy+22)—2x}=0

(iii)Given (x> —yz)p + (y> — zx)q = 2° — xy

we know that  Pp+Qq=R .o,
p=x2—yz q=y2—zx R=zz—xy

Now the auxiliary equation is
dx dy dz

x2—yz  yZ2—zx  z%2—-xy
or
dx—dy _ dy-d _ dz-d

x=y y—z Z—X
Taking 1% & 2™ then we get
In(x—y)=In(y—2z)+Inc
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x_
or -

y—Z
Similarly, for the second solution we have
xdx+ydy+zdz xdx+y dy+z dz

x3+y3+2z3-3xy  (x+y+2){x2+y2+z2—xy—yz—zx}

dx+dy+dz
X2+y2+4z2—yz—zx—Xxy

and

Now from equation (3) & (4) we have

xdx+y dy+zdz

=dx + dy + dz

xX+y+z
xdx+ydy+zdz=(x+y+z)(dx+dy+dz)

2 2 2 2

X VA xX+y+z
_.|.y_+_=( Y ) - Cy
2 2 2 2

solvingwe get xy+yz+zx=c¢;
Hence , the general solution is

X—=y _
Q){y_z,xy+yz+zx}—0

Q.No 3. Solve the P.D.E

(i)(mz—ny)p + (nhx—1z)g = ly — mx
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(ix*(y = 2)p + y*(z = x)a = 2°(x ~y)

Solution. (i) (mz—ny)p+ (NX=1Z)q =1y —MX cerereeeeeee e, (1)

N (2)

mz—ny T nx-lz ly—-mx

multiplying x, vy, z in each then

x dx _ydy _ zdz

xmz—xny ynx—-ylz zly—zmx

xdx+y dy+zdz _ xdx+ydy+zdz

xmz—xny+ynx—ylz+zly—zmx 0
or xdx+ydy+zdz=0 onintegratingthen
+yi+zi=g

Similarly, multiplying |, m, nin each then

ldx+mdy+ndz _ ldx+mdy+ndz
Imz—-Iny+mnx—mlz+nly—m - 0
or ldx+mdy+ndz=0 onintegrating we get

IXx+my+nz=c;

Hence the general solution is

Q{x°+y>+z>, Ix+my+nz}=0

(ii)Given  x* (y=—2z)p+ y2 (z—x)g= 2% (x - V) e (1)
we know that Pp+ Q=R i (2)

The auxiliary equation is
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dx _ dy _ dz
x2(y-z)  y*(z-x) z*(x-y)

case 1*': from equation (3) we write

dx/x* _ dy/y*> _dz/z*

y—z zZ—X x-=y
1 1 1, . .
or ;dx+ﬁdy+z—2dz =0 on integrating then we get

1 1 1
-—+—+-=C1
X y z

Similarly, we consider

case 2" : from equation (3)we have

dx/x _ dy/y _ dz/z
x(y-z)  y(z-x) z(x-y)

1 1 1 . :
or ;dx+;dy+;dz =0 onintegrating then

In xyz=1Inc; or XyZ = Cy

Hence the general solution is

1 1,1
@{;+;+;, xyz} =0
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Q.No 4. Solve the P.D. E

x(y'+z)p-y(xX*+2z)q=z(x*—y°), where p =Z—i & q =Z—3Z/.
Solution. Given
x(y2 +2)p— y(x2 +z)q=1z2 (x* — y2) ................................ (1)
we know that  Pp+ Qg =R oo (2)
the auxiliary equation is

dx dy dz

provc e duveron: yyshliron- siver RN (3)
case 1°': multiplying x,y,-1 in(3) then we have
x dx+y dy+z dz _
x2y2+x2z-y?x2-y2z—zx2+zy?
or xdx+ydy—dz=0 onintegrating then
%2 + y?z -2=0C
or X +y-2z=¢
case 2" : from equation (3) we write
dx/x _ _dy/y _ dz/z
y2+z  —(x%4z)  x?-y?
1,01, .1

or yzf:)_czc_l:zjiyz =0 e, idx + %dy + idz =0

on integrating then we write

In xyz=Inc; or Xyz = C;
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Hence the general solution is @ { x2+y? — 2z, xyz}=0
Q.NO 5: Solve the P.D.E

x(y2—z)p+7y (2% —x2)q = z (x2 — y?)

where, p=2—i & q=%

Solution. Given

X (Y2 =Z)P+Y (22 =X)G ZZ (X2 = V%) e (1)
we know that Pp+ Q=R . (2)

Now the auxiliary equation is

dx _ dy _ dz
x(y2-22)  y(22-x2)  z(x2-y?)

case 1°' : multiplying x,vy, z in equation (3)then we get

xdx+y dy+zdz -0

x2y2—x2724y272 12324 72x2 7292
i.e., xdx+ydy+zdz=0 onintegrating then
XC+yi+zi=g

case 2" : from equation (3) we have

ldx+idy+ldz
x hY% z

=0 e, ldx+ldy+ld2=0
X y z

or In xyz = In ¢, then

Xyz = Cy
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Hence, the general solution is
@ {x? + y% + z%, xyz} =0
QNO.6 : Solve the P .D.E
(i) p+3g=5z+tan (y—3x)
(i) (y> + 2°- x*)p — 2xyq + 2x2 = 0
(iii)(y + 2x)p = (x + yz)g = x" = y°
Solution. (i) Given
P+3g=5z+tan (Y —3X) .evrerrrrrreirecernnn, (1)
we know that P, + Q=R .ccviviiviiie e (2)

the auxiliary equation is

dx dy dz
1 3 5z+tan(y—3x)

t t d .
case 1% : from 1% & 2" we write

dx:d?y = 3dx=dy

1
on integrating then y-—-3x=c;
case 2" : from 1°' & 3™ we write

dx dz

1  5z+ta (y—3x)

X = dz
 5z+ta (y—3x)

on integrating then

In {5z + tan (y — 3x)} - 5x =c;
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Hence, the general solution is

Dl(y—3x), In{5z+tan(y—3x)}—-5x]=0

(ii)Given
(W + 22 =)= 2XYq + 2XZ =0 oo, (1)
we know that Pp+ Qg =R e (2)

the auxiliary equation is

e (3)

y2+z2—x2 -2xy -2xz

t d q .
case 1° : from 2" & 3™ we write

dy dz
— =— = Iny=Inz +Inc;
y zZ
or X=c1
VA

case 2™ : multiplying x,y, z in equation (3) then we write

xdx+ydy+zdz _  dz
—x (x2+y2+422)  —2xz

2x dx+2y dy+2z dz dz
or = —
x%+y242z2 z

on integrating then In (x* + y2 +72°) = Inz + Ing

x2+y?+z2

= C
z

Hence, the general solution is

2 21,2
¢{§, u}zo

Z
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(iii)Given that

(Y+2X)P = (X+YZ)A =X =V e s (1)

we know that Py + Qq= R .o, (2)

the auxiliary equation is

dx dy _ az
y+zx._ —(x+yz) - x2—y2

case 1°': multiplying x,v, -z then we write

xdx+ydy—zdz

xXy+zx2—xy—-y2z—x2z+zy?
i.e.,, xdx+ydy+zdz=0

on integrating then we get

2 2

x
2

2
y VA
+—-=—=q
2 2

2 2 2
or X +y -z =¢

caser 2" : multiplying vy, x,1 then we write

ydx+x dy+dz
V2 +xyz—x2—xyz+x2-y?

=0

i.e., ydx+xdy+dz=0 solving we get
Xy+z = C
Hence, the general solution is

)} {x2+y2—22, xy+z}=0
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QNO 7. Solve the P.D . E

(i) (X*=y—yz)p+ (X —y>-2x)q=z(x~-y)
e V—Z zZ-X __x=Yy
(ii) 2Pt 9

(iii) (y2 + zz)p — Xyq = - zX

Solution . (i) Given that

(xz—yz—yz)p+(x2—y2—zx)q=z(x—y) .................................... (1)

we know that Pp+ Qg =R o (2)

the auxiliary equation is

dx _ dy _ dz
x2-y2—yz = x2-y%2-zx  z(x-y)

case 1°': multiplying 1,-1,-1 in equation (3) then we have

dx—dy—-dz
x2-y2—yz—x?+y?+zx—zx+2ZYy

=0 i.e., dx—-dy—-dz=0

on integrating then X—y—2=C

case 2" : from equation (3) wehave

xdx—-y dy _ dz

x3—y2x—xyz—x2y+y3+xyz  z(x—y)

xdx-y dy dz
or =
x3-xy?-x?y+y3®  z(x-y)
xdx-y dy dz xdx-y dy dz
= - — = —
(x=y)(x2-y?)  z(x-y) x2-y? z

on integrating we have

In(xz—yz) =2Inz+2Inc;
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2 2
x°-y
or —~— = G

Hence the general solution is

x2 y2

B {x-y-2, “F}=0

(ii)Given that

y—z zZ-X _X-Y
7 p+qu—xy ................................... (1)
we know that Pp+ Q=R .o (2)

the auxiliary equation is

yzZ dx zx dy Xy dz

= T T e (3)

y—z zZ—X x=y
dx d dz
or = -
x(y-z) y(@z-x) z(x-y)
1 1 1
or —2X—%2_=0 e, —dx+-dy+-dz=0
V—zZ+zZ—x+x-y x y Z

on integrating we have
In xyz=Inc; or XyZ = Cq

case 2" : from equation (3) we have

dx+dy+dz
XY—XZ+YZ—YX+ZX—Zy

=0

or dx+dy+dz=0
on integrating we get X+y+z=c¢;

Hence , the general solution is
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@{xyz, x+y+z}=0

(iii)Given that

(Y HZ)P = XY == ZX  coeeeeeeeeeeesseesresenens (1)
we know that Py +Qq=R .o, (2)
the auxiliary equation is

el S —— (3)

t d d
case 1% : from 2" & 3" we have

dy dz y
— = — => - =(C
y z z

case 2" : from equation (3) we have

xdx+ dy+zdz
xy?+xz?-xy?-z2x

=0 e, xdx+ydy+zdz=0

on integrating we get
2 2 2
X +y+z2 =C>
Hence , the general solution is

B{z, X +y'+2'}=0
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Case 2" : Non- Linear Partial Differential Equation of First Order

(i)Equation of the form f(p,q)=0 i.e., equationsinvolving only p
and q then complete solutionis z=ax + by + ¢, where aand b are

connected by the relation f(a, b) =0 since p = Z—i =a&(Q= Z—}Z/ =b

Now, we find b in terms of a then let b = @ (a) therefore complete
solution z=ax+ @(a)y + c, where a and b are arbitrary constant.

QNO. 1: Solve the P.D.E

(lWp+yq =1 (i)pa=p+q

Solution . (i)The equation of theform f(p, q) =0 .ccvverrreeenen.e. (1)
and the complete solution is z=ax + by + ¢, where Va + Vb=1
or b=(1—+a)?.Now from equation (1) the complete solution is
z=ax+ (1 —+Va)?y+c. Ans.
(ii) The equation of the formis f(p,q)=0

and the complete solutionis z=ax+ by +c, where ab=a+b

a . .
or b= — Therefore complete solution is

a
Z=ax+—y+cC. Ans.
a-1

(ii)Equation of the form z=px+qy + f(p, q) . Then the complete
solutionis z=ax+by+f(a,b).where p=a & g=b

QNO.1: SolvetheP.D.E
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z=px+qy++/1+p2+q?

Solution . The given equation of the formis z=px+qy+f(p, q)

then its complete solutionis z = ax + by + V1 + a2 + b2

Linear Partial Differential Equation With Constant Coefficient. we
consider general equation i.e.,

"z "z oz on-1z on-1z

Ao o=+ Ary moigy T + A a_n+B°an1+Blaxn—zay+
on-1z 0z

............................ +Bn_1W C0—+C1@+P02_F(X y)

................................................... (1)

where the coefficient Ag, A1 eoevveerenenee. AL Bo,Bi, e, Bnh1; Co, C1



