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 Homogeneous Linear Partial Differential Equation with Constant Coefficients.  

We consider  

            a0 డ೙௭

డ௫೙ + a1 డ೙௭

డ௫೙షభ డ௬
 + a2 డ೙௭

డ௫೙షమ డ௬మ + ………………… + an డ೙௭

డ௬೙  = F (x , y) 

                                                                        …………………………………(1) 

Where , a0 , a1 , a2  ……………..an   are constant is called a homogeneous 
linear partial differential equation of the nth order with constant 

coefficients . Now when D = డ

డ௫
  and  D’= డ

డ௬
  then we write 

    ∅ (D , D’) z = F (x , y)  …………………………………(2) 

case 1st : C. F .  i.e.,  complementary function which is the complete 
solution of the equation ∅ (D , D’) z = 0.  

Case 2nd : Particular integral (p.I) which is a particular solution of  

  ∅ (D , D’) z = F (x , y) 

The complete solution    Z = C.F + P.I  
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QNO. 1 : Solve the P. D. E  

(i) డమ௭

 డ௫మ – 
డమ௭

డ௫డ௬
  -  6 డమ௭

డ௬మ = 0          (ii) (D + 2D’) (D – 3D’)²z = 0 

(iii) 4r – 12s + 9t = 0 

Solution. (i) డమ௭

డ௫మ - డమ௭

డ௫డ௬
 - 6డమ௭

డ௬మ = 0   

or       (D2- DD’- 6D’2) z = 0             where,   D = డ

డ௫
  &  D’ = డ

డ௬
 

The auxiliary equation is  

                                        m2- m – 6 = 0 

                                         m= -2 , 3 

           C.F =  f1 (y + 3x) + f2 (y – 2x) 

and        P.I = 0  

Hence the complete solution z = C.F + P.I  

     or             z = f1(y + 3x ) + f2 (y – 2x)                                             Ans. 
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(ii) The given P.D.E . is 

(D + 2D’) (D – 3D’)² z = 0 

The auxiliary equation is    (m + 2) (m – 3)² = 0 

m = -2 , 3 , 3 

C.F = f1 (y – 2x) + f2(y + 3x) + x f3(y + 3x) 

and   P.I = 0  

Hence the complete solution z = C.F + P.I 

or           z = f1(y – 2x) + f2 (y + 3x) + x f (y + 3x)                              Ans.  

(iii) 4r – 12s + 9t = 0 

or     4డమ௭

డ௫మ - 12 డమ௭

డ௫డ௬
 +9డమ௭

డ௬మ = 0 

(4m2- 12DD’+9D’2)z = 0 

The auxiliary equation is    4m2-12m+9 = 0 
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                        (2m – 3 )2 = 0 

                   m = 3/2 , 3/2  

C.F = f1 (y + ଷ
ଶ
 x) + x f2 (y + ଷ

ଶ
 ) 

and      P.I = 0  

Hence  the complete solution   z = C.F + P. I 

or        z =  f1(y + ଷ
ଶ
x) + x f2(y + ଷ

ଶ
x)                                                Ans. 
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QNO.2 : Solve the P.D.E. 

(i) డయ௭

డ௫య - 3 డయ௭

డ௫మడ௬
 + 2 డయ௭

డ௫డ௬మ = 0       (ii) డ
ర௭

డ௫ర - డర௭

డ௬ర = 0  

Solution.  (i) The given equation is  

          (D3- 3D2D’ + 2DD’2) z = 0 

and the auxiliary equation is       m3 – 3m2 + 2m = 0  

                                             m =  0  , 1 , 2  

C.F = f1(y) + f2(y + x) + f3(y +2x) 

and     P.I = 0  

Hence the complete solution   z = C.F + P.I  

or     z = f1(y) + f2(y + x) + f3 (y + 2x)                                             Ans. 

(ii) The given equation is  

         (D4 – D’4) z = 0 
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The auxiliary equation is      m4 – 1 = 0 

(m2- 1) (m2+ 1) = 0 

   m = ± 1 ,  ± i 

C.F = f1 (y + x) + f2(y – x) + f3(y + ix) + f4(y – ix) 

and   P. I = 0  

Hence the complete solution  z = C.F + P.I 

or     z = f1(y + x) + f2(y – x) + f3(y + ix) + f4(y – ix)                          Ans. 
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QNO. 3 : Solve the P.D.E 

డయ௨

డ௫య - 3 డయ௨

డ௫మడ௬
 + 4డయ௨

డ௬య = 𝑒௫ାଶ௬ 

Solution. The given equation is 

                 (D3- 3D2D’+ 4D’3) u =𝑒௫ାଶ௬      where  D = డ

డ௫
    &   D’ = డ

డ௬
  

The auxiliary equation is   m3 – 3m2 + 4 = 0 

                                 m = 2 , 2 , -1 

C.F = f1(y – x) + f2(y + 2x) + x f3(y + 2x) 

P.I = ଵ

ୈయିଷୈమୈᇲାସୈᇲయ 𝑒௫ାଶ௬ 

      = ଵ

ଶ଻
 ∭ 𝑒௨𝑑𝑢 𝑑𝑢 𝑑𝑢            where  u = x + 2y        =  ଵ

ଶ଻
 𝑒௫ାଶ௬  

Hence the complete solution  Z = C.F + P.I 

     or            Z = f1(y – x) + f2(y + 2x) + x f3(y + 2x) + ଵ

ଶ଻
 𝑒௫ାଶ௬  

    where f1 , f2 and f3 are arbitrary functions. 
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QNO. 4 : Solve the P.D.E  

డమ௭

డ௫మ  + 3 డమ௭

డ௫డ௬
 + 2డమ௭

డ௬మ  = x + y 

Solution. The given equation is 

(D2 + 3 DD’ + 2 D’2) z = x + y 

Now the auxiliary equation is   m2 + 3m + 2 = 0 

                          m = -1 , -2 

C.F = f1(y – x) + f2 (y – 2x) 

and   P.I =  ଵ

஽మାଷ஽஽ᇲାଶ஽ᇲమ (x + y) 

  = ଵ
଺
 ∬ 𝑢 𝑑𝑢 𝑑𝑢          where  u = x + y 

  =  ଵ

ଷ଺
 (x + y)3 

Hence the complete solution Z = C.F + P.I 

or     Z = f1(y – x) + f2(y – 2x) + ଵ

ଷ଺
 (x + y)3                                           Ans. 
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QNO.5 : Solve the P.D.E 

డమ௭

డ௫మ - 2 డమ௭

డ௫డ௬
 + డమ௭

డ௬మ = sin (2x + 3y)  

Solution. The given equation is 

                                                 (D2 – 2 DD’  + D’2 )z = sin (2x + 3y) 

The Auxiliary equation  is  

                                 m2 – 2m + 1 = 0  

m = 1 , 1 

C.F = f1 (y + x) + x f2 (y + x)  

Similarly,      P.I = ଵ

஽మିଶ஽஽ᇲା஽ᇲమ  Sin (2x+3y) 

                     = ଵ

(஽ି஽ᇲ)మ sin (2x + 3y)  

                          = ଵ

(ଶିଷ)మ ∬ 𝑢 𝑑𝑢 𝑑𝑢          where,   u = 2x+3y   

                            = ∫(− cos 𝑢) 𝑑𝑢      =   - sin  u  
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                                                             = -  sin (2x + 3y) 

Hence, the complete solution  Z = C.F + P.I 

              Z  = f1 (y + x) + x f2 (x + y)  - sin (2x + 3y 
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QNO.6:  Solve the  P.D.E 

(2 𝐷ଶ - 5 DD’ + 2𝐷′ଶ ) z = 24 (y - x). 

Solution.  The Auxiliary equation is  

                                                   2 𝑚ଶ- 5m + 2 = 0  

                                                           m =  ଵ
ଶ
 ,  2  

C.F = f1 (y + ଵ
ଶ
 x) + f2 (y + 2x )   

P.I = ଵ

ଶ஽మିହ஽஽ᇲାଶ஽ᇲమ 24 (y - x)   

     =  ଶସ

ଽ
  ∬ 𝑢 𝑑𝑢 𝑑𝑢   where      u =  y - x  

 = ସ
ଽ
 (y - 𝑥)ଷ  

Hence the complete solution  Z = C.F + P.I    

       or        Z =  f1 (y + ଵ

ଶ 
 x ) + f2 (y + 2x ) + ସ

ଽ
 (y - 𝑥)ଷ                            Ans. 
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QNO.7 :   Solve the P.D.E  

r + s – 2t = ඥ2𝑥 + 𝑦 . 

Solution : డ
మ௭

డ௫మ  + 
డమ௭

డ௫డ௬
 – 2 డమ௭

డ௬మ = (2x + y) 1/2 

(𝐷ଶ   + DD’- 2 𝐷′ଶ ) z = (2x + y)1/2  

The Auxiliary equation is  

                                     𝑚ଶ +  m - 2 = 0  

                                               m = 1 , -2  

          C.F = f1 (y + x) + f2 (y - 2x) 

P.I = ଵ

஽మା஽஽ᇲିଶ஽ᇲమ  (2 x + y)1/2   

           = ଵ
ସ
 ∬ 𝑢ଵ/ଶ𝑑𝑢 𝑑𝑢           where        u = 2x + y 

         = ଵ

ଵହ
 (2𝑥 + 𝑦)ହ/ଶ 
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Hence complete solution   Z = C.F + P .I  or      Z = f1(y + x) + f2(y – 2x) + ଵ

ଵହ
 

(2𝑥 + 𝑦)ହ/ଶ                            Ans. 

QNO.8 :  Solve the P.D.E 

డమ௭

డ௫మ  - 2 డమ௭

డ௫డ௬
 + డమ௭

డ௬మ = sin x 

Solution. The given equation is 

(D2- 2DD’ + D’2) z = sin x 

The auxiliary equation is    m2 – 2m + 1 = 0 

                   m = 1 , 1 

C.F = f1(y + x) + x f2(y + x) 

P.I = ଵ

஽మିଶ஽஽ᇲା஽ᇲమ  sin x 

    = ଵ

(஽ି஽ᇲ )²
 sin (x + 0.y) 

    = ∬ sin 𝑢 𝑑𝑢 𝑑𝑢 
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  = - sin (x + 0.y) = - sin x 

Hence the complete solution  Z = C.F + P.I 

  or           Z = f1(y + x) + x f2(y + x) – sin x                                            Ans. 

QNO. 9 : Solve the P.D.E 

2డమ௭

డ௫మ - 5 డమ௭

డ௫డ௬
 + 2 డమ௭

డ௬మ = 5 sin (2x + y) 

Solution. The given equation is 

    (2D2- 5DD’ + 2D’2) z = 5 sin (2x + y) 

The auxiliary equation is    2m2 – 5m + 2 = 0 

                  m = ଵ
ଶ
 , 2 

C.F = f1(y + ଵ
ଶ
 x) + f2(y +2x) 

P.I = ଵ

ଶ஽మିହ஽஽ᇲାଶ஽ᇲమ  5 sin (2x + y) 

   = ହ௫

ଷ
 ∫ sin 𝑢 𝑑𝑢   = - ହ௫

ଷ
 cos (2x + y) 
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Hence the complete solution  Z = C.F + P.I 

or          Z = f1(y + ଵ
ଶ
 x) + f2(y + 2x) - ହ௫

ଷ
 cos (2x + 5)                             Ans. 

QNO. 10 :  Solve the P.D.E 

(D2+ 5DD’ + 6D’2) z = ଵ

௬ିଶ௫
  

Solution. The auxiliary equation is 

                      m2 + 5m + 6 = 0  

                 m = -2 , -3 

C.F = f1(y – 2x) + f2(y – 3x) 

and          P.I = ଵ

஽మାହ஽஽ᇲା଺஽ᇲమ { ଵ

௬ିଶ௫
 } 

   =  x ∫
ଵ

௨
𝑑𝑢  =  x In (y – 2x) 

Hence the complete solution   Z = C.F + P.I 

or           Z = f1(y -2x) + f2(y – 3x) + x In (y – 2x)                                    Ans. 
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QNO. 11 : Solve the P.D.E 

డమ௭

డ௫మ  - 3 డమ௭

డ௫డ௬
 + 2 డమ௭

డ௬మ  = 𝑒ଶ௫ାଷ௬ + sin (x - 2y) 

Solution. The auxiliary equation is  

                            m2- 3m + 2 = 0 

                       m = 1 , 2 

C.F = f1(y + x) + f2(y + 2x) 

P.I = ଵ

஽మିଷ஽஽ᇲାଶ஽ᇲమ  𝑒ଶ௫ାଷ௬ + ଵ

஽మିଷ஽஽ᇲାଶ஽ᇲమ sin (x - 2y) 

= ଵ
ସ
 ∬ 𝑒௨𝑑𝑢 𝑑𝑢  + ଵ

ଵହ
  ∬ sin 𝑢 𝑑𝑢 𝑑𝑢 

= ଵ
ସ
  𝑒ଶ௫ାଷ௬ - ଵ

ଵହ
 sin (x – 2y) 

Hence the complete solution  Z = C.F + P.I 

or       Z = f1(y + x) + f2(y + 2x) + ଵ
ସ
 𝑒ଶ௫ାଷ௬ - ଵ

ଵହ
 sin (x – 2y)                       Ans. 
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QNO. 12 : Solve the P.D.E 

డయ௭

డ௫య  - 7 డయ௭

డ௫డ௬
 - 6 డయ௭

డ௬య  = sin (x + 2y) + 𝑒ଷ௫ା௬ 

Solution. The auxiliary equation is 

     m3 – 7m – 6 = 0  

  m = -1 , -2, 3 

C.F = f1(y – x) + f2 (y – 2x) + f3 (y + 3x) 

P.I = ଵ

஽యି଻஽஽ᇲି଺஽ᇲయ sin (x + 2y) + ଵ

஽యି଻஽஽ᇲି଺஽ᇲయ 𝑒ଷ௫ା௬  

  = - ଵ

଻ହ
 ∭ sin 𝑢 𝑑𝑢 𝑑𝑢 𝑑𝑢 + ௫

ଷ஽మି଻
 ∬ 𝑒ଷ௫ା௬ 𝑑𝑢 𝑑𝑢  

= - ଵ

଻ହ
 cos (x + 2y) + ௫

ଶ଴
 𝑒ଷ௫ା௬ 

Hence the complete solution   Z = C.F + P. I 

or              Z = f1(y –x) + f2(y – 2x) + f3 (y + 3x) - ଵ

଻ହ
 cos (x + 2y) + ௫

ଶ଴
 𝑒ଷ௫ା௬  

                                                                                                               Ans.  

                       

      

 


